Abstract. In a recent paper, R. Morton and A. Krall introduced a new notion of orthogonality of polynomials on the real line in which a sequence of Chebyshev-type polynomials was shown to be orthogonal with respect to a moment generating linear functional. This linear functional is, in fact, a Schwartz distribution. If the polynomials are orthogonal in the classical sense, then the classical weight function can be recovered from the distributional one by means of the Fourier transform.
1. Introduction. In the last decade, the concept of orthogonality of polynomials has been generalized in a number of different ways [6, 8] . Law and Sledd [6] used the three-term recurrence relation to define orthogonality in a way independent of a weight function.
Recently, R. D. Morton and A. M. Krall [8] introduced a new notion of orthogonality in which a family of polynomials {/»"(*)} of the real variable x was shown to be orthogonal with respect to a generalized function w (Schwartz distribution) in the sense (w, pn(x)pm(x))= Snm.
In fact, they showed that for any given sequence of real numbers {m,}*=0 satisfying the conditions: where ô(n)(jc) denotes the nth derivative of the Dirac delta function. We call w(x) a weight functional or a generalized weight function. When the moments {ju,} are those associated with the various classical orthogonal polynomials (Jacobi, Laguerre, Hermite), the classical weight function wc(x) can be recovered from the generalized (distributional) one w(x) by taking the Fourier transform of the anayltic continuation of the inverse Fourier transform of w(x).
It was rather a surprise to the authors that the Bessel polynomials, which are orthogonal on the unit circle in the sense 1 (-]\"+]7
(Pn(Z)>Pm(Z)) = JZj) = Pn(Z)Pm(z)e~2/Zdz= ^ + j §",",, failed to yield completely to their technique. An extension of the techniques used in [8] was motivated by the fact that they did not yield satisfying results when applied to the Bessel polynomials.
Indeed, by using the analytic representation
of the weight functional w(x) instead of its Fourier transform, Krall [5] was able to recover the classical weight function for the Bessel polynomials from the generalized one. In fact, his technique works for any polynomials {/»"(z)} orthogonal (in the classical sense) on any closed rectifiable Jordan curve y provided that orthogonality is defined by means of the inner product
where the weight function wc(z) has an essential singularity at some point inside yThis follows easily from the arguments given in [2, p. 119] and [5] . However, if one defines orthogonality by means of the inner product
Krall's technique is no longer applicable. We denote the classes of polynomials orthogonal on the unit circle in the sense of (1.1) and (1.2) by 6Eand %, respectively.
The purpose of this article is to extend the results of [8] and [5] to the class %. Our techniques differ from theirs for the following reasons:
(i) For the class &, it is known that the weight functions wc(z) must have singular points inside the unit circle. On the contrary, the weight functions for the class <$ are the boundary values of harmonic functions in the unit disc [3, p. 17] .
(ii) As a consequence of (i), it becomes evident that the theory of Schwartz distributions is no longer able to provide a natural setting for the generalized weight functions. For, the boundary values of harmonic functions inside the disc are not necessarily Schwartz distributions on the unit circle. Let £F denote the space of complex-valued harmonic functions in the unit disc p rovided with the topology of uniform convergence on compact subsets of 6D.
Provided with this topology, the space < § is topologically and algebraically isomorphic to the space %* [4] .
In fact, if f(r,6) G f, then limf(r,6)=f(6)G%* r-l where the convergence, of course, is in the sense of DC*. Moreover, if/(0) G %*, then
where Pr(t) is the Poisson kernel for the unit disc and * stands for the convolution. We choose the duality (/, <¡>) on DC* X DC to be linear on DC and skew linear on DC*. |n|-oo
We call the numbers {cB}!°00 generalized trigonometric moments. Consider the classical system of Chebyshev polynomials defined by p0(z) -1 and for k = 1,2,..., Furthermore, if we assume that | ak \ ¥= 1 for all k, then the system of polynomials {Pk(w)}o> satisfying (3.6) or (3.7) is orthogonal with respect to the hyperfunction / = X'2f=_aockwk, where X is an arbitrary constant.
The polynomials {qk(z)}ü OI the second kind are defined by q0(z) = 1 and (3.8) ak(z) = Uf(w),^(pk(w)-pk(z))), k=l,2,....
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The reader should be able to prove the following relations:
(3-9) qk+x(z) = zqk(z) + âkq*k(z), k = 0,1,2,..., It is easy to see that F(z) is pseudopositive, i.e., has a positive real part, hence it belongs to the Hardy space Hp for all 0 < /» < 1. Therefore, it follows that F(z) has a finite nontangential limit almost everywhere on the unit circle [11]. We denote this limit by F(eie) and set/(<?'") = Re F(eie). r->\ n-x \p*(re ) I See, for example, Theorem 21.1 and Formula 26.22 in [3] . The purpose of this section is to study the analogue of the preceding results when the condition {Ak > 0} is relaxed to {Ak =£ 0}. (3.19) is an analogue of (3.16). Nevertheless, since the convergence in (3.16) is taken in the pointwise (local) sense while that in (3.19) is taken in the hyperfunction (global) sense, one immediately realizes that the latter is not indeed a true generalization of the former.
To obtain a local version of (3.19), we introduce Johnson's characterization of hyperfunctions.
/is a hyperfunction on F if and only if there is a sequence {f")o of continuous functions on F satisfying In particular, if / is a continuous function at f?0, then its value at 6Q as a hyperfunction is f(80). Moreover, if / is a locally integrable function and o(6) = /09/(0 </f is differentiable at 60, then the value of the hyperfunction/at 60 is o(00).
For more details see [7, 9, 10] .
The following theorem generalizes (3.16). Proof. The same as in the main theorem of [9] . The next theorem is a generalization of (3.18).
that/* ^ /implies (fk, w") -* (/, w") for all n.
Combining all these facts finally yields h h °°l im lim--*-= lim k = f(w) = 2 cmw». Q.E.D.
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